
�½Ô¬ ��þÀ±� ø ÍÜµ¿õ ¢�Àä�

� û¢Â �¤�î ßþ� ¥� � ÷�Þ ÷ ×þ ���¤� � � �¹ � þ� ¤¢ .¢¤�¢ ¢��ø ÍÜµ¿õ ¢�Àä� ý�Â � üä�� µõ ý�û¢Â �¤�î

ý�ûÛþÀ±� ü¨¤Â� �� ÍÜµ¿õ ¢�Àä� ×Þî �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ C �f ¢�ãõ �þ R2 �b ½Ô¬ .Ýþ¥�¢Â�üõ

�b Þû �î ÝþÂ�ðüõ ô�úÔõ ßþ� �� �¤ ñ�Öµ÷� .´¡�¢Â� Ý�û��¡ �½Ô¬ ¥� \Å÷�¹�" ø \ö�¤ø¢" ,\ñ�Öµ÷�"

�ÎÖ÷ Âû ,B üµ��� ¤�¢Â� ý�Â� ,Â�Õ�ì¢ ¤�Ï �� .À��î ´îÂ� ¤�ÀÖõ ×þ �� ø ¢�Àµõ� ×þ ¤¢ �½Ô¬ ¯�Ö÷

ö���üõ ,Àª ÓþÂã� �û¤�¢Â� âÞ� �� ÂÒ��µõ ÍÜµ¿õ ¢�Àä� âÞ� �î �¹÷� ¥� .À�îüõ ´îÂ� B ùb¥�À÷� ��

ÛØª �� f : C �! C üã��� �¤ ñ�Öµ÷�

T (z) = z + B (1)

´��� ÍÜµ¿õ ¢Àä ø¢ B2 ø B1 Âð� °��Â� ßþÀ� .´¨� ´��� ÍÜµ¿õ ¢Àä ×þ B ö� ¤¢ �î ¢Âî üÖÜ�

z

w

z + B

w + B

B

:¥� ´¨� �¤�±ä B2 ø B1 �� üó��µõ ñ�Öµ÷� ø¢ Û¬�� À�ª��

z �! z +B1 �! (z1 +B1) + B2 = z + (B1 +B2)
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.B1 + B2 �Ü�¨ø �� ñ�Öµ÷� ü�ãþ

.Ý��îüõ ü¨¤Â� �¤ ,0 ü�ãþ ,��Êµ¿õ �bÀ±õ ñ�� ö�¤ø¢ ´Æ¿÷ ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ö�¤ø¢ ñ��

z0 ý��ÎÖ÷ �� �¤ z �ÎÖ÷ Âû �î ´¨� üÜþÀ±� � �b þø�¥ �� 0 ñ�� ö�¤ø¢ ¥� ¢�ÊÖõ ,� �b þø�¥ Âû ý�Â�

Í¡ �� z �� 0 ¥� Û¬�ø Í¡ ¥� �þø�¥ üóø ´¨� �bÀ±õ ¥� z �Ü¬�ê Â��Â� �bÀ±õ ¥� ö� �b Ü¬�ê �î Àµ¨Âêüõ

¤¢ �´±·õ Âþ¢�Öõ ,¢�¢¤�Âì Õ±Ï ù¤��Þû �î À�ª�� �µª�¢ ���� .´¨� � ´��� ¤�ÀÖõ Â��Â� z0 �� 0 ¥� Û¬�ø

Âð� ,ÍÜµ¿õ ¢�Àä� �Â®Û¬�� ÓþÂã� �� ���� �� .¢�ªüõ ¤�Ñ�õ (´ä�¨ ��ÂÖä À®) ü��·Ü·õ ´ú�
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:Ýþ¤�¢ ,Àª�� ��Êµ¿õ �bÀ±õ ñ�� ö�¤ø¢ ×þ R : C �! C

R(z) = cis(�) � z (2)

ÍÜµ¿õ ¢�Àä� �� �¤ z0 üû��¿ó¢ �bÎÖ÷ ñ�� � �þø�¥ ö�¤ø¢ Ý�û��¿� Âð� ñ�� .´¨� ´��� ý¤�ÀÖõ � �î

0 �� �¤ z0 �î Ý�û¢üõ ô�¹÷� (�z0) ùb¥�À÷� �� üó�Öµ÷� ´Æ¿÷ .Ý��îüõ ÛÞä Âþ¥ ÕþÂÏ �� Ý�û¢ Çþ�Þ÷

ñ�Öµ÷� �� ùÂ¡��� ø ,(cis(�) ¤¢ ö¢Âî �Â®) Ý�û¢üõ ô�¹÷� �¤ 0 ñ�� � �b þø�¥ ö�¤ø¢ Å³¨ ,À�î ÛÖµ�õ

�� z0 ñ�� � �þø�¥ ö�¤ø¢ °��Â� ßþÀ� .Ý�÷�¢Âðüõ ¥�� ©���óø� ö�Øõ �� �¤ z0 �b �óø� �ÎÖ÷ ,z0 �b Ü�¨ø ��

:¢�ªüõ Û¬�� Âþ¥ �¤�¬

z �! z � z0 �! cis(�) � (z � z0) �! cis(�) � (z � z0) + z0 (3)

:¢�ªüõ ù¢�¢ Ã�÷ Âþ¥ �¤�¬ �� z0 ñ�� � �b þø�¥ ö�¤ø¢ ñ�õÂê Å�

z �! cis(�) � (z � z0) + z0 = cis(�) � z + (1� cis(�)) � z0 (4)

�î ¢�ªüõ �¹�µ÷ �Ü¬�ê�� ,´¨� ´��� ÍÜµ¿õ ¢Àä ×þ (1� cis(�)) � z0 ö�� �î À��î ����
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ñ�Öµ÷� ×þ ø �þø�¥ ö�Þû �� 0 ñ�� ö�¤ø¢ °�îÂ� �¤�¬ �� ö���üõ �¤ �½Ô¬ ¤¢ ö�¤ø¢ Âû (1-5)

.´ª�÷

,¢Â �ð �¤�¬ ñ�Öµ ÷� ×þ Å³¨ ø 0 ñ�� ,� 6= 2k� ,� �b þø�¥ ö�¤ø¢ ×þ �f � ó�� µ õ Âð� ÅØãó� �

�¤�¬ � � ü± �îÂ � ß� �� .¢� � Àû��¡ z0 ý��ÎÖ÷ ñ�� � �b þø�¥ ö�¤ø¢ ×þ Û¬�� Ý�� îüõ �ä¢�

�¤�¬ �� �¤ z0 Âð� Å� cos(�) 6= 1 Ýþ¤�¢ ,� 6= 2k� Ýþ�ù¢Âî ­Âê ö�� .¢�� Àû��¡ cis(�) � z+B

ö�¤ø¢ (4) Õ±Ï �î cis(�) � z + B = cis(�) � z + (1 � cis(�)) � z0 Ýþ¤�¢ ,Ý��î ÓþÂã� B
1�cis(�)

.´¨� z0 ñ�� � �b þø�¥

�ÎÖ÷ ×þ z0 ø Àª�� ùÀª ù¢�¢ k üÔ�õ�÷ üÖ�Ö� ¢Àä Âð� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ Å÷�¹� ÛþÀ±� ñ��

Í¡Ý�÷ ýø¤ z �ÎÖ÷ Âû �î ´¨� ßþ� k °þÂ® �� z0 ÃîÂõ �� Å÷�¹� ¥� ¢�ÊÖõ ,Àª�� �½Ô¬ ¤¢

.´¨� z0 ¥� z �Ü¬�ê Â��Â� k ,z0 ¥� ©��Ü¬�ê �î À�îüõ ´îÂ� z0 ý��ÎÖ÷ �� z �� z0 ¥� Û¬�ø
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.À÷�õüõ üì�� ´��� Å÷�¹� Â�� ´½� Å÷�¹� ÃîÂõ ,k � 0 = 0 ø ´¨� ÂÔ¬ z0 ¥� z0 �Ü¬�ê ö��

�bÀ±õ Å÷�¹� ÃîÂõ �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ üµó�� ´Æ¿÷ ,Å÷�¹� ý�Â� üó�õÂê ö¢¤ø� ´¨¢�� ý�Â�

k ¢Àä �Â®) ¢�ªüõ ù¢�µ¨Âê kz �bÎÖ÷ �� z �ÎÖ÷ �î ´¨� ßªø¤ ´ó�� ßþ� ¤¢ .´¨� ,0 ,��Êµ¿õ

:¥� ´¨� �¤�±ä ,H : C �! C ,k °þÂ® �� 0 ÃîÂõ �� Å÷�¹� â��� °��Â� ßþÀ� .(z \¤�¢Â�" ¤¢

H(z) = kz (5)

�� ´Æ¿÷ ü�ãþ ,Ý��îüõ ÛÞä z0 ñ�� ö�¤ø¢ ���Èõ üªø¤ �� ,z0 ù��¿ó¢ ÃîÂõ �� ´±Æ÷ Å÷�¹� ý�Â�

ø Ý�û¢üõ ô�¹÷� �¤ ,H ,ë�ê Å÷�¹� Å³¨ ,Ý��îüõ ÛÖµ�õ 0 �� �¤ z0 �bÎÖ÷ ,�½Ô¬ ¤¢ (�z0) ñ�Öµ÷�

3



:Ý�û¢üõ ñ�Öµ÷� z0 ùb¥�À÷� �� �¤ Û¬�� ùÂ¡���

z �! z � z0 �! k(z � z0) �! k(z � z0) + z0 (6)

:´ª�÷ Âþ¥ �¤�¬ �� ö���üõ �¤ k °þÂ® ø z0 ÃîÂõ �� Å÷�¹� â��� ü�ãþ

z �! k(z � z0) + z0 = kz + (1� k)z0 (7)

Ýþ¤�¢ ´¨� ´��� ý¢Àä (1� k)z0 �î �¹÷� ¥�

×þ ø °þÂ® ö�Þû �� 0 ñ�� Å÷�¹� °�îÂ� �¤�¬ �� ö���üõ �¤ �½Ô¬ ¤¢ Å÷�¹� Âû (2-5)

.´ª�÷ ñ�Öµ÷�

¢Â�ð ô�¹÷� k 6= 1 °þÂ® �� Å÷�¹� ´Æ¿÷ À��î ­Âê .´¨� ´¨¤¢ °ÜÎõ ÅØä Ã�÷ �¹�þ� ¤¢

ö�� .kz + B ¥� ´¨� �¤�±ä z �b ÎÖ÷ Â� Â�� Û¬�� �¤�¬ ßþ� ¤¢ .B ¤�¢Â� � � ñ�Öµ÷� ×þ Å³¨ ø

(7) Õ±Ï �î kz + B = kz + (1� k)z0 Ýþ¤�¢ Ý�õ��� z0 �¤ ö� Âð� ø ´¨� ùÀª ÓþÂã� B
1�k

,k 6= 1

Í¨�� �î ,Å÷�¹� ø ö�¤ø¢ ,ñ�Öµ÷� üÜî ý�ûñ�õÂê �� Âð� ñ�� .´¨� z0 ÃîÂõ �� k°þÂ® �� Å÷�¹�

z �� ´±Æ÷ ×þ ��¤¢ ý�ûâ��� ,�¨ Âû �î Ý��îüõ �Ñ��õ ,Ý��î ÂÑ÷ ,À÷�ùÀª ���¤� (7) ø (4) ,(1)

×þ ��¤¢ â��� Âû ü�ãþ ,´¨� ¼�½¬ Ã�÷ °ÜÎõ ßþ� ÅØä �î Ý�û¢üõ ö�È÷ ö��î� .À��îüõ ÓþÂã�

�¤�¬ �� f : C �! C â��� À��î ­Âê .´¨� ÛþÀ±� á�÷ �¨ ßþ� ¥� ü±�îÂ� âì�ø ¤¢ f : C �! C

f(z) = Az +B (8)

�b ÎÖ÷ �� �½Ô¬ ¯�Ö÷ �b Þû �î A = 0 Âð� .À�ª�� ´��� ÍÜµ¿õ ¢�Àä� A;B ö� ¤¢ �î ´¨� ùÀª ù¢�¢

.´¨� k = 0°þÂ® �� B ÃîÂõ �� Å÷�¹� ,ßþ� ø À÷�ªüõ ù¢�µ¨Âê B ´���

:´ª�÷ ö���üõ ,A 6= 0 À��î ­Âê

A = jAjcis(�) (9)

:´ª�÷ Âþ¥ °�îÂ� �¤�¬ �� ö���üõ �¤ f Å�

z
0 ñ�� ö�¤ø¢

�! cis(�) � z
0 ÃîÂõ �� Å÷�¹�

�! jAjcis(�) � z
ñ�Öµ÷�
�! jAjcis(�) � z + B (10)
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.´¨� ñ�Öµ ÷� ×þ ø ,0 ÃîÂõ � � Å÷�¹� ×þ ,0 ñ�� ö�¤ø¢ ×þ °�îÂ� ,×þ ��¤¢ â�� � Âû ü�ã þ

.¢Âî Ëþ�ã� �¤ Å÷�¹� ø ö�¤ø¢ °��Â� ö���üõ ,´¨� üþ�¹��� �Â® ÛÞä ö�� ß��»Þû

�� Å÷�¹� ×þ ø ö�¤ø¢ ×þ °�îÂ� �þ ø ´¨� ñ�Öµ÷� ×þ �þ (10) °�îÂ� �î Ý����üõ ö��î� âì�ø ¤¢

:íÂµÈõ ÃîÂõ

.´¨� ñ�Öµ÷� ×þ �î ¢�ªüõ �¬�¡ z �! z + B �� â��� �¤�¬ ßþ� ¤¢ A = 1 :ñø� ´ó��

� î ý¤� Ï � � ¢¤�¢ ¢� �ø z0 ý��Î Ö ÷ � î Ý � û¢ü õ ö� È ÷ �¤�¬ ß þ� ¤¢ A 6= 1 :ôø¢ ´ ó� �

�b Î��¤ ¤¢ Àþ�� z0 �b ÎÖ÷ ß��� ×þ .´¨� z0 ÃîÂõ �� Å÷�¹� ×þ ø ö�¤ø¢ ×þ °�îÂ� z �! Az + B

ø (1�A)z0 = B �f ¢�ãõ Å� ,À÷�õüõ ´��� Å÷�¹� ø ö�¤ø¢ ÃîÂõ ö�� À�î ëÀ¬ Az0 +B = z0

âì��ó�üê �ÎÖ÷ ßþ� �î Ý�û¢üõ ö�È÷ ñ�� .Àþ�üõ ´¨¢�� z0 = B
1�A

,´¨� ùÀª ­Âê A 6= 1 ö��

:Ýþ¤�¢ .´¨� z0 ñ�� Å÷�¹� ø ö�¤ø¢ °�îÂ� z �! Az +B ü�ãþ ,¢¤�¢ �¤ ÂÑ÷ ¢¤�õ üðÄþø

Az +B = A(z �
B

1�A
) + B +

AB

1�A
= A(z � z0) + z0

°þÂ® �� Å÷�¹� ø � �þø�¥ �� ö�¤ø¢ °�îÂ� â��� ßþ� �î Ý��îüõ �Ñ��õ A = jAjcis(�) ßµª�÷ ��

.´¨� z0 ñ�� jAj

:Ý�û¢üõ ¤�Âì ���� ¢¤�õ �¤ Âþ¥ ´ó�� ø¢É¡���

.´¨� z0 = B
1�A

ñ�� cis(arg(A)) �þø�¥ �� ö�¤ø¢ z �! Az + B â��� ,jAj = 1 ø A 6= 1 Âð�

.´¨� z0 = B
1�A

ñ�� A °þÂ® �� Å÷�¹� z �! Az + B â��� ,A � 0 ø A 6= 1 Âð�

� �b þø�¥ �� ö�¤ø¢ T2 : C �! C ø z1 ñ�� � �þø�¥ �� ö�¤ø¢ T1 : C �! C À��î ­Âê .1 ñ�·õ

?´¨� üÜþÀ±� �÷�Ú� T2 � T1 °�îÂ� �¤�¬ ßþ� ¤¢ .´¨� z2 ñ��

Å� .T2(z) = cis(�) � z + B2 ø T1(z) = cis(�) � z +B1 Ýþ¤�¢

T2 � T1(z) = T2(cis(�) � z +B1) + B2

= cis(�) � cis(�) � z + cis(�) �B1 + B2

= cis(�+ �) � z + (cis(�) �B1 +B2)

cos(�+ �) = 1 �þ ,�+ � = 2k� Âð� .´¨� ´��� ÍÜµ¿õ ¢Àä ×þ cis(�) �B1 + B2 �¹�þ� ¤¢ �î
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�� ö�¤ø¢ ×þ ë�ê ÛþÀ±� ,�+ � 6= 2k� Âð� .´¨� cis(�) �B1 + B2 ¤�ÀÖõ �� ñ�Öµ÷� ×þ ÛþÀ±� ßþ�

.Àª��üõ z0 =
cis(�)�B1+B2

1�cis(�+�)
ñ�� �+ � �þø�¥
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