
(2) ÍÜµ¿õ ¢�Àä�

(x; y) �bÎÖ÷ �b Ü¬�ê r ,Àª�� (x; y) �bÎÖ÷ ü±Îì ��Êµ¿õ (r; �) �ø¥ Âð� �î Àþ¤ø� ¢�þ �� Û±ì �bÆÜ� ¥�

ÂÑ÷ ¤¢ (x; y) �� 0 ¥� Û¬�ø Í¡Ý�÷ �� x ¤�½õ ´±·õ Í¡Ý�÷ ¥� �î ´¨� ý��þø�¥ � ø ´¨� �bÀ±õ ¥�

Ýþ¤�¢ .ÝþÂ�ðüõ üÔ�õ �¤ ´ä�¨ �b �ÂÖä ´ú� ø ´±·õ � ý�Â� �¤ ü��·Ü·õ ´ú� .¢�ªüõ �µêÂð

x = r cos � ; y = r sin � (1)

ý�Â � ü±Î ì ��Êµ¿õ �ø¥ ×þ À � î ëÀ¬ ë� ê Í ��ø¤ ¤¢ � î r � 0 � � (r; �) �ø¥ Â û â ì�ø ¤¢

Õ±Ï .Àª�� z0 = (x0; y0) ý�Â� ü±Îì ��Êµ¿õ (r0; �0) À��î ­Âê ñ�� .¢�ªüõ ¤�Ñ�õ z = (x; y)

:Ýþ¤�¢ ÍÜµ¿õ ¢�Àä� �Â® ÓþÂã�

z � z0 = (rr0 cos(� + �0); rr0 sin(� + �0))

= (rr0 cos � cos �0 � rr0 sin � sin �0; rr0 sin � cos �0 + rr0 cos � sin �0)

= (xx0 � yy0; xy0 + x0y)

Å�

(x; y) � (x0; y0) = (xx0 � yy0; xy0+ x0y) (2)

Ó þÂ ã � ö�� � ä � � ö� ¥� ö�� �ü õ ø ´¨� Í Ü µ ¿ õ ¢À ä ø¢ �Â®Û¬�� ýÂ ± � ö� � � ë� ê � Î ��¤

­Âê .Ý��îüõ Õ�Ö½� �¤ üÈ¿� ö�÷�ì ´½¬ ö��î� ,(2) ¥� ù¢�Ôµ¨� �� .¢Âî ù¢�Ôµ¨� �Â®Û¬��

1



:�¤�¬ ßþ� ¤¢ ,z00 = (x00; y00) À��î

z � (z0 + z00) = (x; y) � (x0 + x00; y0 + y00)

= (x(x0 + x00)� y(y0 + y00); x(y0 + y00) + (x0 + x00)y) (2) Õ±Ï

= ((xx0 � yy0) + (xx00 � yy00); (xy0 + x0y) + (xy00 + x00y))

= (xx0 � yy0; xy0 + x0y) + (xx00 � yy00; xy00+ x00y)

= zz0 + zz00

ýø¤ ¯�Ö÷ ¥� ÛØÈµõ C �b ä�Þ¹õÂþ¥ ö���ä �� �¤ ,R ,üÖ�Ö� ¢�Àä� �b ä�Þ¹õ �î Ý��îüõ ý¤ø�¢�þ

:Ýþ¤�¢ ßþ�Â���� ,À÷�ªüõ­Âê üØþ (x;0) ø x ü�ãþ ,ÝþÂ�ðüõ ÂÑ÷ ¤¢ x ¤�½õ

(x; y) = (x;0) + (0; y)

= (x;0) + (0;1)(y;0) ((2) Õ±Ï)

= x+ iy

(x; y) ¥� Â�ñ�Þãõ x+ iy ¢�Þ÷ ,Ý��îüõ üÖÜ� \ÍÜµ¿õ ¢Àä" ö���ä �� �¤ �½Ô¬ ¯�Ö÷ üµìø âì�ø ¤¢

¢�Àä� �� ö¢Âî ¤�î À�÷�õ x+ iy �� ö¢Âî¤�î ,üÈ¿� ø ýÂþÁ�´îÂª ,üþ�¹��� ß�÷��ì �� ���� �� .´¨�

�¤ (2) ¤�µ¨¢ �f ·õ .¢�ªüõ (�1) �� ÛþÀ±� i � i �� �Þû �î ´ª�¢ ���� Àþ�� ÍÖê .´¨� üó�Þãõ

:¢Âî Õ�Ö½� �f¢À¹õ Âþ¥ ÛØª �� ö���üõ

(x+ iy) � (x0 + iy0) = (x+ iy) � x0 + (x+ iy) � (iy0)

= xx0 + iyx0 + xiy0 + (iy)(iy0)

= xx0 + i(yx0 + xy0) + (i � i)(yy0)

= (xx0 � yy0) + i(xy0 + x0y)

�¤ x .À�õ�÷üõ ÍÜµ¿õ ¢Àä ×þ üê¤�ãµõ Çþ�Þ÷ �¤ z = x+ iy �¤�¬ �� ÍÜµ¿õ ¢Àä ×þ Çþ�Þ÷

¢�Àä� ,iy ü�ãþ ,y ¤�½õ ýø¤ ¢�Àä� üÜî ¤�Ï �� .À�õ�÷üõ z üõ�û�õ ´ÞÆì �¤ y ø z üÖ�Ö� ´ÞÆì

(Ýþ¢�¢üõ Çþ�Þ÷ r �� ü±Îì ��Êµ¿õ ¤¢ �î) 0 ¥� z = x+ iy �Ü¬�ê .À÷�ªüõ ùÀ÷��¡ üõ�û�õ

ßþ�Â���� .¢�ªüõ ù¢�¢ Çþ�Þ÷ jzj �� ø ¢�ªüõ ùÀ÷��¡ z ÕÜÎõ¤Àì

jzj =
q
x2 + y2 (3)
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:À÷¤�ÂìÂ� z0 ø z ÍÜµ¿õ ¢�Àä� ý�Â� Âþ¥ Í��ø¤

jz + z0j � jzj+ jz0j (¶Ü·õ ýø�Æõ�÷) (4)

jz � z0j = jzjjz0j (5)

âÞ� ý�Â� üÜî ý�ùÀä�ì (4) ø ´¨� ÍÜµ¿õ ¢�Àä� �Â®Û¬�� ü¨À�û ÓþÂã� �¹�µ÷ (5) �Î��¤

ü¨À�û ü�ãõ .(ßþÂÞ�) ¢�Þ÷ Õ�Ö½� (3) ø âÞ� ÓþÂã� ßµêÂð ¤�î�� �� �¹�þ� ö���üõ �î ´¨�û¤�¢Â�

.´¨� ô�¨ âÜ® ýø�Æõ �þ Âµð¤Ã� ¶Ü·õ âÜ® ø¢ á�Þ¹õ �î ´¨� ßþ� ö�

,x ¤�½õ �� ´±Æ÷ ö� �b �þÂì ,z = x+ iy ý�Â� .´¨� �ø¢Ãõ ¢�Þ÷ ýÂÚþ¢ À�Ôõ ø ñ�Þãõ ¢�Þ÷

�� ø ´¨� ´¨�¤Â¨ Âþ¥ Í��ø¤ ��±�� .¢�ªüõ ùÀ÷��¡ z �ø¢Ãõ ø ùÀª ù¢�¢ Çþ�Þ÷ z �� x� iy ü�ãþ

:¢�ªüõ ¤�Áð�ø ßþÂÞ� ö���ä

z + z0 = z + z0 (6)

z � z0 = z � z0 (7)

�î À��î ���� ß��»Þû

z � z = jzj2 (8)

°��Â� ßþÀ� .¢ø¤üõ ¤�î�� arg(z) ¢�Þ÷ üû�ð ,� ü±Îì �b þø�¥ ý�Â� ùÂ¡���

z = jzj(cos(arg(z)) + i sin(arg(z)) (9)

:Ýþ¤�¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ jzj = 1 �� z ÍÜµ¿õ ¢�Àä� ñ��

z = cos � + i sin �
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×þ n Âð� �î ¢�ªüõ �¹�µ÷ �Â®Û¬�� ü¨À�û ÓþÂã� ¥� .Ý�û¢üõ Çþ�Þ÷ Ã�÷ cis(�) �� �¤ ¢Àä ßþ�

Ýþ¤�¢ Àª�� ´±·õ ¼�½¬ ¢Àä

(cos � + i sin �)n = cos(n�) + i sin(n�) (10)

ßþ� ¥� üÌã� ���¤� ¥� Û±ì .¢¤�¢ ü÷�ø�Âê ý�û¢Â�¤�î ø ´¨� éøÂãõ 1¤ø��õ¢e ñ�õÂê �� (10) ñ�õÂê

¤�ÂìÂ� ,ÂÔ¬ ø üÔ�õ ,´±·õ ¥� Ýä� ,n ¼�½¬ ¢�Àä� �b Þû ý�Â� (10) �î Ý��îüõ ö�È÷ ÂÏ�¡ ,�û¢Â�¤�î

.À�îüõ ¤�ÂìÂ� �¤ ��� �b Î��¤ �î Ý�û¢üõ ¤�Âì 1 Â��Â� ¢�¢¤�Âì Õ±Ï �¤ z0 ,z ÍÜµ¿õ ¢Àä Âû ý�Â� .´¨�

:Ýþ¤�¢ ü�Â® §�Øãõ ÓþÂã� �� ���� �� ,n = �1 ý�Â�

(cos � + i sin �)�1 = cos(��) + i sin(��)

:Å� ,´¨� zn ü�Â® §�Øãõ ,´±·õ ¼�½¬ ¢Àä :n ,z�n ¥� ¢�ÊÖõ ñ��

(cos � + i sin �)�n = (cos(n�) + i sin(n�))�1 = cos((�n)�) + i sin((�n)�)

.´¨� ¤�ÂìÂ� ö��»Þû ¤ø��õ¢ ñ�õÂê Å�

ü��·Ü·õ ý�û¢�½�� :1 ¢Â�¤�î

ü±¨��õ �¤�±ä Àþ�� �f �Þãõ .¢¤ø� ´¨¢�� ¤ø��õ¢ ñ�õÂê ×Þî �� ö���üõ �¤ ü��·Ü·õ ý�û¢�½�� üÌã�

ø cos3� Ý�û��¡üõ À��î ­Âê �÷�Þ÷ ö���ä �� .¢Âî ×�ØÔ� üõ�û�õ ø üÖ�Ö� ý�û´ÞÆì �� �¤

:Àû¢üõ n = 3 ý�Â� ¤ø��õ¢ ñ�õÂê .Ý�Æþ��� sin � ø cos � °Æ�Â� �¤ sin3�

cos3� + i sin3� = (cos � + i sin �)3

= cos3 � + 3i cos2 � sin � � 3 cos � sin2 � � i sin3 �

= (cos3 � � 3 cos � sin2 �) + i(3 cos2 � sin � � sin3 �)

de Moivre
1

4



Å�8><
>:

cos3� = cos3 � � 3 cos � sin2 �

sin3� = 3 cos2 � sin � � sin3 �

ÍÜµ¿õ ¢�Àä� ô� ��n �bÈþ¤ :2 ¢Â�¤�î

.´¨� Ãþ�Þµõ ô� ��n �bÈþ¤ n ý�¤�¢ 1 �î ÝþÀþ¢ ø Ýþ¢Âî �±¨�½õ �¤ À��ø ô� ��ný�û�Èþ¤ Û±ì �bÆÜ� ¤¢

üÆþ�÷ ù¢�¨ ý�Â� ø Ý��îüõ ù¢�Ôµ¨� (9) ¥� .´¨� ´¨¤¢ z 6= 0 ÍÜµ¿õ ¢Àä Âû ý�Â� °ÜÎõ ßþ�

.Ý�û¢üõ Çþ�Þ÷ � �� �¤ arg(z)

z = jzj(cos� + i sin �)

:Å� ,Ý�Æþ�÷üõ jwj(cos �+ i sin�) �¤�¬ �� �¤ w .wn = z Ýþ¤�¢ ,Àª�� z ô� ��n �bÈþ¤ ×þ w Âð�

jwjn(cosn� + i sin�) = jzj(cos � + i sin �)

Â��Â� jwj ü�ãþ ,jzj = jwjn Ýþ¤�¢ ´¨� jwjn ²� éÂÏ ÕÜÎõ¤Àì ø jzj´¨�¤ éÂÏ ÕÜÎõ¤Àì ö��

ö¢�¢¤�Â ì ýø�Æ õ � � .Àª� �ü õ jzj´± · õ ¢Àä ´± · õ ô� � �n �È þ¤ n

pjzj ¥� ¢�ÊÖ õ � î ´¨� npjzj

Ýþ¤�¢ éÂÏ ø¢ üõ�û�õ ø üÖ�Ö� ý�û´ÞÆì
8<
:

cosn� = cos �

sin n� = sin �

Å�
n� = � + 2k� ; *�½¬ ¢Àä : k

� = �
n
+ k2�

n

:¢�Àä� ¥� À��¤�±ä z ô� ��n ý�û�Èþ¤ ßþ�Â����

n

q
jzj(cos( �

n
+ k

2�

n
) + i sin(

�

n
+ k

2�

n
)) *�½¬ ¢Àä : k
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ÀþÀ� ´¨�¤ éÂÏ ¤¢ Ãþ�Þµõ ¤�ÀÖõ n ÍÖê À�îüõ üÏ �¤ ¼�½¬ ¢�Àä� ��Üî k üµìø �î À��î ����

ù¢øÃê� �
n
+ k2�

n
�� 2� ¼�½¬ �ÂÌõ ×þ ,¢�ª ù¢øÃê� k �� n ¥� ¼�½¬ ü�ÂÌõ Âð� �î �Âþ¥ Àþ�üõ

´¨¢�� Âþ¥ �Âª �� jzjý�Â� ô� ��n �bÈþ¤ n âì�ø ¤¢ Å� ,¢¤�À÷ §���¨ ø §���Æî Â� ýÂ�� �î ¢�ªüõ

:Àþ�üõ
8<
:

n

pjzj(cos( �
n
+ k2�

n
) + i sin( �

n
+ k2�

n
))

k = 0;1; : : : ; n� 1
(11)

��¢�ãõ Û� ¢¤�õ ¤¢ ü¿þ¤�� ¶½� Ý�÷���üõ Ýþ��µª�¢ ÍÜµ¿õ ¢�Àä� ¥� �î üÔ�¬�� �� ö��î�

�¤�¬ �� �¤ t ,t3 + pt + q = 0 �b ó¢�ãõ Û� ý�Â� �î Ý��îüõ ý¤ø�¢�þ .Ý��î Û�ÞØ� �¤ ô�¨ ��¤¢

ý�û�Èþ¤ Àþ�� u; v �î ÝþÀ�¨¤ �¹�µ÷ ßþ� �� 3uv+ p = 0 �b Î��¤ ×þ ö¢øÃê� �� ø Ý�µª�÷ t = u+ v

:¤�ÀÖõ ø¢ ô�¨ ý�û�Èþ¤ ü�ãþ ,z2 + qz � p3

27
= 0 ôø¢ ��¤¢ �b ó¢�ãõ ý�û���� ô�¨

z =
�q �

q
q2 + 4

27
p3

2
(12)

ÀþÀ� ñ�Àµ¨� ¤¢ üÜÜ¡ º�û À�ª�� Ã�÷ ÍÜµ¿õ q ø p Âð� üóø Ý�µêÂð üÖ�Ö� �¤ q ø p ¥�è� ¤¢ �õ .À�ª��

�� ô�¨ ��¤¢ ��¢�ãõ ¢¤�õ ¤¢ ��Ñ��õ �b Þû �¹�þ� �� ø À�Þî�� ýÂ±� ß�÷��ì ö�Þû �î �Âþ¥ Àþ�üÞ÷

ö��î� üóø ¢�ª üÔ�õ ´¨� ßØÞõ ñ�Øþ¢�¤ Âþ¥ (12) ¤¢ �î À��î ���� .´¨� ë¢�¬ Ã�÷ ÍÜµ¿õ °þ�Â®

Âû ñ�� .À÷�ù¢Âî �À�� ü�ãõ Ã�÷ ÍÜµ¿õ ø üõ�û�õ ¢�Àä� �î �Âþ¥ ¢Âî Àû��¿÷ ¢�¹þ� üÜØÈõ °ÜÎõ ßþ�

ÂÔ¬ ø¢ Âû �þ ���� ×þ �î üµó�� ý��·µ¨� ��) ´¨� ô�¨ �bÈþ¤ �¨ ý�¤�¢ (12) ¤¢ z ¤�ÀÖõ ø¢ ¥� ×þ

�î Ý�û¢üõ ö�È÷ üóø ,Àõ� Àû��¡ ´¨¢�� (u; v) �ø¥ ý�Â� ��¿µ÷� 9 = 3� 3 á�Þ¹õ ¤¢ ø ,(À÷�ª

�þ ,3uv + p = 0 üØÞî �b Î��¤ �î À��î ���� .À�îüõ ëÀ¬ �ó�bÆõ ¤¢ �¹�þ� ¤¢ ��¿µ÷� �¨ Â·î�À�

Å� ,À�û¢ Çþ�Þ÷ (u1; v1) �� �¤ ßØÞõ ���� ×þ .Àª�� ¤�ÂìÂ� Àþ�� uv = � p

3

u1 =
3

vuut�q +
q
q2 + 4

27
p3

2
; v1 =

3

vuut�q �
q
q2 + 4

27
p3

2

��¿µ÷� Âû ñ�� .u1v1 = � p

3
�î ý¤�Ï �� ´¨� ô�¨ �b Èþ¤ ��¿µ÷� ×þ 3

p ¥� ¢�ÊÖõ �¹�þ� ¤¢ �î

6



ÛØª �� Àþ�� (11) ý�û���� ý�Â� ô�¨ �bÈþ¤ ÂÚþ¢

u = !1u1 ; v = !2u2

Àþ�� À÷�Þ� ¤�ÂìÂ� ö��»Þû uv = � p

3
�î ßþ� ý�Â� .À�µÆû À��ø ô�¨ ý�û�Èþ¤ !2 ø !1 �î Àª��

:¥� À��¤�±ä À��ø �Èþ¤ �¨ üóø .!1!2 = 1 Ý�ª�� �µª�¢

1

! = cis(2�
3
) = �1

2
+ i

p
3

2

!2 = cis(4�
3
) = �1

2
� i

p
3

2

:¥� À��¤�±ä �î ¢¤�¢ ¢��ø !1!2 = 1 ý�Â� ö�Øõ� �¨ �ú�� ø

(!1 = !2 = 1) ; (!1 = !; !2 = !2) ; (!1 = !2; !2 = !)

ø (!u1; !2u2) ¥� À��¤�±ä ýÂÚþ¢ ñ�±ì Û��ì ý�û�ø¥ ,Àª�� ñ�±ì Û��ì �ø¥ ×þ (u1; v1) Âð� Å�

���� �¨ Å� ,(!2u1; !u2)
t = u1 + v1

t = !u1 + !2u2

t = !2u1 + !u2

.Àþ�üõ ´¨¢�� t3 + pt + q = 0 �¨ ��¤¢ �b ó¢�ãõ ý�Â�

:Ý��îüõ ü¨¤Â� Ûõ�î ¤�Ï �� �¤ 3 �ÆÜ� ¥�è� ñ�·õ ø¢ ¤�Ã�� ßþ� ��

ô�¨ ý�û�Èþ¤ u; v ø q = 2 ,p = �3 Ýþ¤�¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ t3 � 3t+ 2 = 0 �b ó¢�ãõ .1 ñ�·õ

¤�ÀÖõ ø¢

z =
�2� p

4� 4
2

= �1

ô�¨ ý�û�Èþ¤ .¢�ª ��¿µ÷� (�1) ô�¨ �b Èþ¤ ×þ Àþ�� u; v ¥� ×þ Âû °��Â� ßþÀ� .Àª À�û��¡

:¥� À��¤�±ä (11) Õ±Ï (�1)

cos
�

3
=
1

2
+ i

p
3

2
; cos� = �1 ; cos

5�

3
=
1

2
� i

p
3

2
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°��Â� ßþÀ� u1 = v1 = �1 �f ·õ ,¢�ª � p

3
= 1 Â��Â� ö�È�Â®Û¬�� �î À÷�ª ��¿µ÷� üþ�û�ø¥ Àþ��

:¥� À��¤�±ä �ó¢�ãõ �bÈþ¤ �¨

�1� 1 = �2 ; �! � !2 =
1

2
+
1

2
= 1 ; �!2 � ! =

1

2
+
1

2
= 1

×þ Âû u; v ø q = 4 ,p = �6 ö� ý�Â� �î Ýþ Â�ðüõ ÂÑ÷ ¤¢ �¤ t3 � 6t+ 4 = 0 �b ó¢�ãõ .2 ñ�·õ

¤�ÀÖõ ø¢ ô�¨ ý�û�Èþ¤

z =
�4� p

16� 32
2

= �2� 2i

:¥� À��¤�±ä ô�¨ ý�û�Èþ¤ ßþ� .À�µÆû

:�2+ 2i ô�¨ ý�û�Èþ¤

p
2cis

�

4
= 1+ i ;

p
2cis(

�

4
+
2�

3
) ;

p
2cis(

�

4
+
4�

3
)

:�2� 2i ô�¨ ý�û�Èþ¤

p
2cis

5�

12
;

p
2cis(

5�

12
+
2�

3
) ;

p
2cis(

5�

12
+
4�

3
) =

p
2cis(��

4
) = 1� i

(1+i)+(1�i) = 2 ¥� ´¨� �¤�±ä ����×þÅ� ,(1+i)(1�i) = 2 = � p

3
�î Ý��îüõ �Ñ��õ

:À÷Âþ¥ �Âª �� �û���� �bÞû ø

(1+ i) + (1� i) = 2

!(1+ i) + !2(1� i) = (�1

2
+ i

p
3

2
)(1+ i) + (�1

2
� i

p
3

2
)(1� i) = �1�

p
3

!2(1+ i) + !(1� i) = (�1

2
� i

p
3

2
)(1+ i) + (�1

2
+ i

p
3

2
)(1� i) = �1+

p
3

üÖ�Ö� ¢�Àä� �� ü¹þ�µ÷ �� ö���üõ ÍÜµ¿õ ¢�Àä� ¥� ¤Áð �� �÷�Ú� �î Àû¢üõ ö�È÷ ü��¡ �� ñ�·õ ßþ�

.À�¨¤

8


